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Exact Solutions for the Propagation of Two Simple Acoustic 
Transients in Waveguides with Perfectly Reflecting Walls 
A. B. COPPENS 
United States Naval Postgraduate School, Monterey, California 
The response of a fluid-filled waveguide with perfectly rigid or pressure-release boundaries and uniform 
cross section to acoustic transients propagated down the axis of the guide is studied. Exact solutions are ob- 
tained for step-function and gated sine-wave xcitations of the source. The particle velocity resulting from 
the latter input can be written as the sum of the familiar steady-state solution and a transient signal com- 
posed of two Lommel functions. An approximate xpression isobtained that allows quantitative estimation 
of the behavior of the first portion of the transient as a function of the dimensionless parameter zX/a •', where 
a is the radius of the waveguide, zis the distance that the transient has traveled, and X is the free-field wave- 
length associated with the carrier frequency of the gated sine wave. Some experimental confirmations of the 
predicted waveforms are presented. The relevence of these propagation effects on the accuracy of veloci- 
meters is discussed. 
LIST OF SYMBOLS 





cylindrical coordinates, assuming 
radial symmetry, and time 
(angular) frequency 
cutoff (angular) frequency of the 
nth mode 
free-field phase velocity 
group velocity for frequency w in 
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V,•(t)=v,•(O,t) velocity boundary condition for 
U• (w,y), V• (w,y) 
o•( ) = o ( )/o• 
d•( )=d( )/d• 
the nth mode at the source 
Lommel functions of two argu- 
ments 
INTRODUCTION 
HE response of waveguides filled with non- 
absorbing, nondispersive fluids to transient 
acoustic excitations has been studied by a number of 
investigators? 5 Publications dealing with electro- 
magnetic waveguides 6 and approximate solutions to a 
general one-dimensional wave equation 7 also contain 
• J. D. Pearson, Quart. J. Mech. Appl. Math. 6, 313-335 
(1953). 
•-D. V. Anderson and C. Barnes, J. Acoust. Soc. Am. 25, 
525-528 (1953). 
3 j. M. Proud, P. Tamarkin, and E. T. Kornhauser, J. Acoust. 
Soc. Am. 28, 80-85 (1956). 
information that is useful with regard to this acoustic 
problem. All of these theoretical developments, how- 
ever, are based upon approximation methods. It is 
the purpose of this paper to develop exact solutions for 
ideal boundary conditions and two simple input 
functions' a step function and a gated sine wave. 
Convenient approximations for the latter function 
4 K. Walther, J. Acoust. Soc. Am. 33, 681-686 (1961). 
5 M. Redwood, Mechanical Waveguides (Pergamon Press, Inc., 
New York, 1960), Chap. 4. 
6 j. R. Wait, J. Res. Natl. Bur. Std. (U.S.) 69D, 1387-1401 
(1965). 
? C. Eckart, Rev. Mod. Phys. 20, 399-417 (1948). 
The Journal of the Acoustical Society of America 331 
A. B. COPPENS 
valid for the earlier portion of the propagating wave- 
form are obtained. Experiments that verify aspects of 
these solutions are described. The theoretical results, 
while valid only for rigid or pressure-release walls, are 
used to estimate waveform distortions in velocimeters 
and maximum bounds on the errors to be expected 
from these distortions in measuring speeds of sound 
by pulse-superposition techniques. Measurements of 
the time of flight of the initial disturbance are made, 
which, while confirming the theoretical and experi- 
mental conclusions of the abovementioned investigators, 
are in conflict with some recent experimental results. 8 
I. THEORETICAL DEVELOPMENT 
The wave equation for the scalar potential •(r,z,t) in 
cylindrical coordinates with radial symmetry for a 
perfect fluid is 
(o O ?- c-O ff ,z,t) =0. 
The separation of variables 
(I, (r,z,t) = 5-'.,, A,•ck,• (z,t)R,• (r) (2) 
leads to the solution R,•(r)=Jo(w,•r/c), where J0 
represents the zeroth-order Bessel function of the first 
kind, and the partial-differential equation 
[c-•O?--O•+ (w,,/c)•]4,,• (z,t)=0. (3) 
The value of the separation constant c0• depends on the 
nature of the boundary at r= a, the wall of the cylinder. 
If the wall is a pressure-release boundary, then 
= (c/a)jo,, where jp• is the argument of Jp giving the 
nth zero of that function. If the cylinder wall is perfectly 
rigid, then c0•= (c/a)j•,•. It is clear that c00=0 yields 
the lowest mode of this second case, a collimated plane 
wave. 
For convenience in what follows, •',,•(r,z,t), the z 
component of the particle velocity for a wave propa- 
gating in the nth mode, is often designated by the 
factor 
v,• (z,t)-- I•,,, (r,z,t)/Jo(w,•r/c), (4) 
and similarly for the acoustic pressure P,• (r,z,t)' 
p,• (z,t) -- P,• (r,z,t) /Jo (oo,•r/c). (5) 
If the waveguide is quiescent for all t<0 and is 
excited at z-0 by an input function 
I•z,• (r,O,t)= Zo(co,•r/c) V,• (t), (6) 
where we have the conditions V,•(O)=dtV,•(O)=O, then 
a straightforward application of Laplace transform 
techniques leads to the solution s 
t>_ T,
(7) 
= 0, t < T, 
8 j. B. Lastovka and E. F. Carome, J. Acoust. Soc. Am. 35, 
1279-1284 (1963). 
where the quantity T-z/c is the time taken for an 
acoustic signal propagating with the free-field phase 
velocit 7 c to travel a distance z. It is immediately 
clear TM that the wavepacket described by rl,,•(r,z,t) 
propagates down the waveguide axis with the leading 
edge of the signal traveling at the free speed of sound, 
irrespective of the mode n or the boundary conditions. 
Equation 7 does not depend on the wzveguide being 
cylindrical, but only on its possessing a uniform cross 
section. 1 The only effects of the symmetry properties 
of a uniform cross section are to alter the function 
describing the transverse-amplitude modulation of the 
propagating waveform and to alter the values of the 
cutoff frequencies. Consequently, the discussion can be 
restricted to cylindrical waveguides with no loss of 
generality. 
Expressions for the pressure and z component of 
the particle velocity can be found by differentiation 
of •n with respect o space and time' 
p,•(z,t)/,oc= V(t-T)-oo f rV(t--r)a-lJ•(a)dr, (8) 
JT 
v,, (z,t) = V (t-- (t-- T)o/-lSl (o/)dT, (9) 
JT 
where a---c0, (r •-- T•) •. It is understood here and through- 
out the remainder of the discussion that all solutions are 
defined as zero for t< T. 
With the change of variable 
s=r--T (10) 
if= t-- T, 
the integral solutions Eqs. 8 and 9 become 
v,,(z, t'+ r)= 
X fo V'•(t'--s)•-•J•(13)ds' (11) ß 
p(z, t'+D/pc= v(t')-oor f 
dO 
X V,•(t'--s)•5-•J•(13)ds, (12) 
where lS----oo,•s(lq-2T/s)•. In accordance with the pre- 
ceeding comments, both solutions are to be taken as 
zero for if<0. This quantity F, hereafter called the 
"delayed time," is the time that has elapsed at a 
position z since the transient first reached that point. 
It is a direct measure of the history of the transient 
at a point z in the waveguide. 
For F<<T, solutions 11 and 12 can be combined to 
yield 
P,• (r,z,t)/•,• (r,z,t) -' pc. (13) 
As long as attention is restricted to those portions of 
the transient waveform that are at the front of the 
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packet where the delayed time is much less than T, the 
time of flight of the initial portion of the signal, the z 
component of the particle velocity, and the acoustic 
pressure are very nearly proportional and yield a 
specific acoustic impedance equal to that of a plane 
wave, despite both the transverse modulation of 
pressure and velocity amplitudes and the evolving 
shape (as a function of T) of the transient. It is seen 
that solutions valid in this region of t' often will have 
relatively simple forms. 
II. STEP-FUNCTION INPUT 
The choice 
Vn(t)= 1, t_>O, (14) 
=0, t<0, 
in Eqs. 8 and 9 yields the response of the cavity to a 
step function in velocity. The expression for the pressure 
can be integrated directly' 
pn (z,t) ---- pcJo[con (t 2-- r2)•. (15) 
The expression for velocity, 
Oon( t2--T2)« Vn(Z,t)= l-- Jx(x)E(x/conr)2+ l-]-•dx, (16) 
do 
does not seem to have a simple exact form. Under the 
restrictions t'<<T and conT> 1, however, the velocity 
can be approximated by 
Vn(Z,t)'-pn(z,t)/pc+«[(t/T)--l]J•[con(F--T•),']. (17) 
Within the bounds of the above restrictions, this 
expression can be integrated with respect to time to 
give the particle displacement in the z direction' 
Z, t'+ r)/Jo(wnr/c) 
--' COn --1 (1 --l-t'/r)J z[cont' (1-q- 2 (•8) 
A representative graph of particle displacement as a 
function of t' is given in Fig. 1. 
Examination of the formulas for vn and •zn and Fig. 1 
reveals that the shape of the transient is consistent with 
the results to be expected from a Fourier synthesis of 
the input function' higher-frequency components propa- 
gate with velocities approaching c; lower frequencies 
travel with slower velocities until a limiting (angular) 
frequency of con is reached. A quantitative discussion of 
these effects for an input velocity described by a delta 
function is presented by Anderson and Barnes. • Suffice 
to say that the expected expressions for group and 
phase velocities in terms of the local frequency of the 
portion of the transient examined and the cutoff 
frequency of the mode can be obtained with no diffi- 
culty from Eq. !5. 
An evaluation of the specific acoustic impedance at 
the source of the waveguide excited in the nth mode 
yields Pn (r,O,t)/•,• (r,O,t) = pcJo(cont). The input impe- 
dance at the source initially resembles that of a plane 
6 
• 3 6 8 
• t' in 
•, - 
Fro. 1. Particle displacement at z/c= 103 usec resulting from 
excitation of the lowest mode of a cylindrical waveguide with 
1-cm radius and pressure-release walls by a step function in 
particle velocity at z = 0. 
wave propagating in an unbounded medium, with a max- 
imum transfer of energy, but then there develops an 
oscillation of acoustic power back and forth between 
the source and the waveguide with a frequency ap- 
proaching con. Thus, for a delta- or step-function input, 
no signal with a frequency below the appropriate 
cutoff frequency can propagate or even appear in the 
waveguide, even though the input function possesses 
Fourier components of lower frequency. 
!!!. GATED SINE-WAV•. INDIIT 
If the velocity input is taken to be 
V(t)=sinwt, t>_O, (19) 
=0, t<0, 
it is possible to obtain an exact solution for •zn after 
some manipulation. Substitution of the expansion ø 
Jz[cons(1-l-2T/s)•-]_ •, (-- 1) (cony)mJm+• (cons) (20) 
co,,s(ld-2T/s)• m=0 •/•! COnS 
into Eq. 9, a change of variable X=COnS, and an inter- 
change of the order of summation and integration 
yields 
(-- •)mCnr)m+l 
vn (z, t'q- T) = sinwt'-- Y] 
fwnt' I 1 CO Jm+ l (x) X sin--(COnt'--X) dx. (21) d 0 l-COn _1 X 
The sine can be written as an infinite series ø 
sine (oo.t'-x) cos•-] 
= 2 E (-- 1)lJ21+l(COn tt--x) COS(2/+ 1)•2, (22) 
/--0 
where cosf•=CO/CO,,. Equation 22 clearly holds for •2 
either real or imaginary, so that the solution will be 
9 G. N. Watson, A Treatise on the Theory of Bessel Functions 
(The Macmillan Co., New York, 1945), 2nd ed., pp. 141, 22, 
537-550. 
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valid for all values of w. The integration and summations 
can again be interchanged, and with the help oP ø 
0 ø•nt' x-lJ9. l+l (w,•t'--x)J,,,+l(X)dx 
= -- (m+ 1)-•J:•+,,•+•.(w,•t'), (23) 
we have 
(- 
v,• (z, t' + T) = sinwt' + 2 • • 
• •=• j! 
XJ•.t+3+l(w,•t') cos(2/+ 1)•2, (24) 
where j=m+ 1. The sum over j can be performed with 
the relation 
and a reapplication of Eq. 22 gives 
(25) 
v,•(z, t'+ T)= 2 E (-- 1)*(w,•t'/Y)•'•*•J•.z.•(Y) 
•-----0 
X cos (2/+ 1)•2, (26) 
where y=w,•t'(lq-2T/t')h If the trigonometric function 
is now expressed in exponential form, the above 
expression becomes 
t'+r)= S[ot' w,t' (l + 2r/t')F] 
+U•[wt'(1--c•/c), w,•t'(l+2T/t')F], (27) 
where Uv(w,y), a Lommel function of two arguments, 
is defined as s 
Uv(w,y)= E (-- 1)'•(w/Y)•"•*q•.,•.•(Y). (28) 
m==O 
The quantity cg, the group velocity associated with 
frequency w for a waveguide with cutoff frequency 
can be either real or imaginary, depending upon whether 
w>w,• or w<w,•. Equation 27, therefore, is an exact 
solution for the acoustic wave propagated in a wave- 
guide when the source is excited by a gated sine wave 
of arbitrary frequency. 
There is, of course, an electromagnetic analog to this 
problem: the solution expressed in the form above 
(Eq. 26) can be shown to be equivalent to a solution 
recently obtained by Knop u for the transient excitation 
of a microwave cavity. 
•0 M. Abramowitz and I. A. Stegun, Eds., Handbook of Mathe- 
matical Functions (U.S. Government Printing Office, Washing- 
ton, D.C., 1965), Chaps. 9, 11. 





for the arguments of Eq. 27 facilitate the subsequent 
discussion. If attention is restricted to the case 
examination of the ratios 
w+/y= (l+2T/t')-•(14-c•/c)[1-- (c•/c)•'] -• (30) 
establishes the relative importance of the individual 
Lommel functions in Eq. 27. As t' gets large, w+/y> 1 
and w_/y<l, so that U•(w_,y) becomes vanishingly 
small and the steady-state solution is contained in the 
first Lommel function. Using the relationships  
V•(w,y)= (- 1) • E (-- 1)m(Y/W)•'m*lJ•.•+x(Y) 
m:=O 
= (--1)•U•(y•/w,y), (31) 
where • is now restricted to integer values, and 
V,(w,y)= C•_•(w,y)+cos(w/2+y•'/2w+ •r/2), (32) 
we can write 
v,•(z,t)=sinw(t-z/cp)+ V•(w+,y)+Sx(w_,y). (33) 
For w>w,•, both Lommel functions in Eq. 33 go to 
zero as t' gets large. Thus, the expression 
V• (w+,y)+ U• (w_,y) (34) 
represents the transient portion of the signal that 
annihilates the steady-state solution for small t' and 
dies away for large t'. Notice that the phase velocity 
cp has appeared in Eq. 33 as a natural consequence of 
the manipulations. 
A computer program was written to obtain graphical 
representations of Eq. 27, and two examples are 
presented in Fig. 2. The growth of the steady-state 
solution with an apparent migration of high-frequency 
components to the front of the packet is clearly evident. 
In addition, the presence of the small oscillations in the 
envelope of the transient as it approaches the steady- 
state value of unity is consistent with the results of 
various approximate solutions •,ø and the experimental 
results of Proud et al. • and Walther. a 
For the region w+, w_<y, and y large, use of the 
asymptotic form s 
U•(ey,y) --> --e'-•(2/•ry)i(e-•--e) -• cos(y+•r/4) (35) 
and some algebraic manipulations converts the general 
solution Eq. 27 to an approximate expression for the 
precursor obtained by Wait ø (his Eq. 72, which contains 
two simple typographical errors as written). Since 
Expression 35 is valid only for large y, it is clear that 
this approximation fails at the front of the transient; 
nor can Expression 35 be applied with any accuracy 
when e•l, which restricts the approximate solution 
to regions well in advance of the main body of the 
334 Volume 40 Number 2 1966 












Fro. 2. Particle velocity at (a) z/c = 100 t•sec, (b) z/c =300 t•sec, resulting from the excitation of a cylindrical waveguide with cutoff 
(angular) frequency co•=36X10 • sec -• and pressure-release walls by particle velocity at z=0 given by a gated sine wave with carrier 
(angular) frequency co = 120X 10 • sec -•. 
transient. This approach, however, is useful in the 
region y> •r, w+ < y. 
It is a well-known result of the earlier approximate 
solutions ø that the envelope of the transient reaches 
exactly half its equilibrium value at the time t•' taken 
to be the arrival of the signal propagating with the 
group velocity cg associated with the input frequency 
and that mode. An exact relationship between the 
group velocity and the waveform envelope for the 
solution (Eq. 27) can be obtained and compared with 
the "approximate" criterion stated above' let t•' be 
that value of the delayed time for which w+=y. We 
then have 
t '(l+2Y/tg')• (36) ( + q/c) = , 
which can be rewritten as 
c/c= (37) 
The quantity lg t corresponds exactly to the arrival of a 
signal traveling with c• and is to be compared with t•'. 
Substitution of this value [g' into Eq. 27 and use of the 
relationship ø 
U• (w+,w+) = « sinw+ (38) 
yields 
v,` (z, tg'q- T)= « sinw+-+- U• (w_,w+). (39) 
Application of Expression 35 to U• (w_,w+) reveals that 
this function must be bounded by the value 
(871'W+) --« (COn/CO)2[ 1 -- (0),`/0))2'] --« (40) 
for large w+. There is no problem for small w+, since 
U•(w_,w+) can always be compared with the infinite 
series 
These expressions reveal that the envelope of U• (w_,w+) 
will be significantly smaller than 0.5, the envelope of 
U•(w+,w+), if co/co,•>2, and/or w+ sufficiently large. 
Thus, lg • is the true value of the delayed time associated 
with the group velocity, and it can be assumed that 
tg'-' tl' for higher values of w/w,, and w+. The accuracy 
of this assumption was tested with the graphical 
output of the computor by drawing the envelope of 
each transient on the graph and estimating the value 
of t•'. The graphical value of cg/c thus obtained was 
compared with the value computed from the specified 
values of co and co,` Eleven waveforms in the range 
co/co,`> 1.7, w+> 7 were analyzed in this fashion. The 
maximum disagreement between the computed and 
graphical values of cg/c was 0.72%, while the average 
disagreement was only 0.17%. The value of tg' was 
obtained from the computed value of each c•/c, and the 
deviations between tg' and t•' averaged 2.2%, with a 
maximum disagreement of 6.4%. As expected, the 
deviations were greatest for smaller values of co/co,` and 
w+. Thus, the approximation tg'-'t•' is confirmed to 
rather high accuracy in this range for the particle 
velocity. 
If t' is restricted values such that t'gg2T, the argu- 
ment y of the Lommel functions in Eq. 29 can be 
replaced by co,`(2Tt')«. Use of Eq. 31 then casts Eq. 27 
into a form easily integrable with respect to t'. The 
result of these operations yields the particle displacement 
l•z,` (z, t'--[- r)/Jo(co,`r/c) -' (2t'/w+) U2(w+,y) 
-Jr- (2t'/w_)U2(w_,y), t'<<2r, (42) 
where y has now been substituted back into Eq. 42 
in place of co,`(2Tt')«. The criterion for obtaining the 
group velocity previously discussed with respect to 
Eq. 39 can be applied to Eq. 42 in the same way. 
However, since 
U• (w.,w+)- «[20 (w.)- cosw+], (43) 
we must have the additional restriction w+> 10•r for 
tg' and t«' to agree within about 10%. 
If the input frequency is considerably above cutoff 
and the delayed time kept small with respect to the time 
of flight, the processes leading to the evolution of shape 
of the transient as it travels down the waveguide can 
be conveniently parameterized' Under the restrictions 
co> 2co,• and t'¾¾2T, Eq. 27 can be approximated as 
v,` (z, tt+ T) -' U•[2cot',co,` (2rt')•]. (44) 
Application of Eq. 31 then yields 
v,` (z, t'+ r) -' -- V•[co,`•r/co,co,` (2Tt')«]. (45) 













I I I I 
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• TI• 
•a) 
I i I 
• T/• 
(b) 
Fro. 3. (a) Time duration of the first quarter- 
cycle and (b) relative amplitude of the first 
maximum of the acoustic signal generated as a 
gated sine wave at z=0 as a function of the 
waveguide parameter o•T/o• for the case 
•o>>o•,•, t'<<T. : Prediction from the Lommel 
function V•. ©: Prediction from simple physical 
model. 
The first argument of Eq. 45 can be expressed in terms 
of the radius a, the path length z, and X= 2;rc/w the 
(free field) wavelength for the given input frequency: 
oodT/w= (j•d/2•r)z/ (a•'/X). (46) 
For propagation in the lowest mode of a pressure- 
release waveguide, Eq. 46 is within 10% of the familiar 
dimensionless cale factor that appears in the radiation 
pattern of a piston? 
As the pulse travels in the tube, this initial portion 
will suffer an increase in frequency and a decrease in 
amplitude so that the time t,/at which the first half- 
cycle has its maximum will be less than that to be 
expected for a plane wave. Available Tables •s allow an 
evaluation of the changes in the amplitude and quarter- 
period of the first half-cycle as a function of the wave- 
guide parameter oo,•'T/oo. Results are presented in Fig. 3. 
•' H. Seki, A. Granato, and R. Truell, J. Acoust. Soc. Am. 28, 
230-238 (1956). 
la E. N. Dekanosidze, Tables of Lommd's Functions of Two 
Variables (Pergamon Press Inc., New York, 1960). 
It is clear from the discussion following Eq. 13 that 
these curves also describe the acoustic pressure of the 
transient. 
The peak of the first half-cycle travels with a phase 
velocity c,, that is greater than c. The instantaneous 
value of c,, can be seen to be 
c,•/c= 1 + dvtd. (47) 
The curve in Fig. 3 (a) relating t' and T can be approxi- 
mated by a relationship based on simple physical 
arguments: if it is assumed that (1) the effective 
frequency of the first segment of the transient can be 
given as 
co'--= 2r (4td) -• (48) 
and (2) the first peak travels with the phase velocity 
for this frequency, then a combination of Eqs. 47 and 48 
gives the differential equation 
l+dvtm'= C1- (co•/co')• - . (49) 
Under the restriction w'>>co•, this equation has the 
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approximate solution 
Oon•T/oo-'r{[oot,•'/(r12)] -•-- 1 }. (50) 
Points calculated from Eq. 50 have been plotted on the 
graph of Fig. 3 (a). The agreement is quite satisfactory, 
so it can be assumed that the first peak of the transient 
has an instantaneous velocity cm equal to the phase 
velocity for the apparent frequency co' of the first 
quarter-period. Thus, any technique for measuring 
speeds of sound that relies on the shape of the first 
half-cyde of the transient will measure instead some 
average value of cm applicable to the path over which 
the measurement is made. In particular, velocimetric 
determinations can be liable to these errors. There have 
been some speculations •4-•6 about the attainable 
precision of these devices, but no serious estimates of 
the possible rrors due to the distortion of the transient 
are known to the author. In the absence of such 
estimates, and the lack of a theory of transient propa- 
gation for nonideal, but quasirigid or quasirelease, wall 
conditions, the results of any analysis for ideal pressure 
release walls should serve, if not as a serious estimate, 
at least as an upper limit to these errors. 
Precision velocimetric measurements usually consist 
of superimposing the first half-cycle of every acoustic 
echo present in the fluid-filled tube between the sending 
and receiving transducers. •4.•7.•8 The receiver thus 
responds to the sum of the pulses that have traveled 
distances L, 3L, 5L, ..-, where L is the length of the 
tube between the transducers. If the system is the 
"sing-around" type, the circuit is retriggered by the 
rise of the received signal above the noise and there is 
no true superposition. •9 If instead superposition is 
obtained by observation of the received signal and ad- 
justment of the repetition rate for source excitation, 
then usually the first half-cycle of the combined signal is 
maximized. This corresponds to measuring cm over a 
path between L and 3L. (Echos that have suffered more 
reflections than these two have smaller initial amplitudes 
because of both the increase of frequency mentioned 
above and also the attenuation due to the acoustic 
reflection coefiScient between the fluid and the trans- 
ducers.) To estimate the error in this case, we substitute 
from Eq. 50 the value of d•.t•' midway along this path, 
at 2L, into Eq. 47. The result is 
(c,•)•/c---' l+«(co,•/co)2[co,•22L/(rcoc)+ 13 -2. (51) 
For a velocimeter with pressure-release walls, a bore of 
1 cm radius and a length of 10 cm, excited with an input 
•4 M. Greenspan and C. E. Tschiegg, J. Res. Natl. Bur. Std. 
(U.S.) 59, 249-254 (1957). 
•5 V. A. Del Grosso, Natl. Res. Lab. Rept. 6133 (1965). 
•6 H. J. McSkimin, J. Acoust. Soc. Am. 37, 325-328 (1965). 
•7 W. Wilson, J. Acoust. Soc. Am. 31, 1067-1072 (1959). 
•8 A. B. Coppens, R. T. Beyer, M. B. Seiden, J. Donohue, F. 
Guepin, R. M. Hodson, and C. Townsend, J. Acoust. Soc. Am. 
38, 797-804 (1965). 
•0 M. Greenspan and C. E. Tschiegg, in Underwater Acoustics, 
V. M. Albers, Ed. (Plenum Press, Inc., New York, 1962), Lect. 
5, pp. 87-101. 
frequency co/2r= 5 MHz, the absolute error in measur- 
ing c for water would be +0.07 m/sec. Were the input 
frequency 2.5 MHz, however, the error would be 
+0.22 m/sec. Because the cutoff frequency of the 
lowest mode of a pressure-release waveguide is higher 
than that for a waveguide of the same dimensions but 
more-rigid walls, it is plausible to take Eq. 51 as a 
maximum estimate of the waveguide correction. 
IV. EXPERIMENTAL INVESTIGATION 
The experimental system used to investigate some 
of the theoretical predictions consisted of water-filled 
waveguides with pressure-release walls, various solid- 
dielectric transducers, 2ø and the associated electronics. 
The required input voltage was supplied either by a 
pulse generator (General Radio 1217-B) for the step- 
function input, or by a sine-wave oscillator fed through 
a tone burst generator (General Radio 1396-A), which 
created the gated sine-wave input. Either of these 
signals was sent into a power amplifier (HP 476-A), 
which provided the desired impedance match to the 
acoustic source. The signal thus generated in the 
waveguide was detected by another transducer that 
was terminated by a voltage amplifier (Tektronix 
1121). The amplified signal was sent through a filter 
(SKL 302) to block low-frequency noise and displayed 
on an oscilloscope (Fairchild 766H). The voltage output 
of the power amplifier was also displayed on the scope 
to ensure that the source was excited by the desired 
waveform. 
The acoustic senders and receivers were each fabri- 
cated by placing a «-mil-thick film of Mylar ©, which 
had been coated on one side with aluminum for electrical 
grounding, against a roughened aluminum surface that 
acted as the "hot" side of the electrical circuit. The 
transducers were polarized by 300-V batteries, and the 
input voltage to the sender was kept below 20 V in 
amplitude to avoid harmonic distortion in the generated 
signal. 
This design, with the sender driven by a low-imped- 
ance source and the receiver terminated by a high- 
impedance load, ensured that the sender would generate 
an acoustic signal that had a velocity profile propor- 
tional to the input voltage, and that the receiver would 
generate an output voltage proportional to the particle 
displacement of the received acoustic signal over the 
frequency range of interest (52 kHz-2 MHz). The chief 
advantage of this design was the maximization of the 
sensitivity of the combined sender-receiver system. 
It was found necessary to place 20•2 of resistance in 
series with the power amplifier to suppress shock- 
excited parasitic oscillations in the tank circuit com- 
posed of the capacitance of the sender and the residual 
inductance of the amplifier. This resistance, which did 
not appreciably affect the response of the transmitter, 
satisfactorily damped the electrical resonance. The 
•.0 G. R. Schodder and F. Wiekhorst, Acustica 7, 38-45 (1957). 
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TABLE I. Velocity of propagation of leading edge of gated 
sine-wave input for various frequencies. Lowest cutoff frequency 
of waveguide, w/2•r= 11.1 kHz. 
Input Measured Calculated 
frequency velocity of group velocity 
propagation (normalized) 
( k H z) (normalized) 
w / 2•r c ( f ) /c (420) cg(/)/c ( o• ) 
420 1.000 1.000 
200 0.999 0.998 
100 1.001 0.994 
70 1.000 0.987 
40 1.001 0.961 
30 0.999 0.929 
20 0.999 0.832 
15 1.002 0.673 
12 1.000 0.380 
10 0.999 --- 
8 0.998 ß ß ß 
rise time of the complete system was experimentally 
determined to be less then 0.5 usec. 
Unless otherwise noted, the transducers were designed 
in every case to have active radiating areas equal in 
size and shape to the cross-sectional rea of the wave- 
guide used. Under these conditions, of course, more 
than just the lowest mode of the system was excited. 
The actual acoustic signal generated by a rigid piston 
in a waveguide with pressure release walls is a sum- 
mation over all modes 
t•z(r,z,t)= E• A,v,(z,t), (52) 
where 
An= 2[j0•J• (jo,•)-]-•Jo(w,•r/c). (53) 
The output of a piston receiver is derived from the 
integration of the impinging acoustic signal over the 
cross-sectional rea, so that the receiver will respond 
to the average particle velocity 
(• (r,z,t))r= • 4jo,-•'v,•(z,t). (54) 
For a gated sine-wave input, it can be seen from an 
examination of Eqs. 27 or 42 that the amplitude of the 
initial portion of the signal behaves like (j0,) -a as a 
function of n. The rise times of the higher modes are 
increasingly great so that the relative contributions 
of the higher modes are further reduced until after 
the establishment of the steady state of the lowest 
mode. Thus, for a gated sine-wave input, the response 
of the system to the higher-order modes should be 
negligibly small (for the times of interest) since 
(jo2/jo•)3=O.08, etc. 
The convergence properties of Eq. 54 are not so 
strong for the step-function input, since Eqs. 15 and 17 
show that there is no amplitude reduction as a function 
of n for v,. However, Eq. 18 shows that •z, is propor- 
tional to (j0,) -• so that the contributions of the higher 
modes behave like (j0,) -3 for the particle displacement, 
which is the observed quantity in this investigation. 
Here too, the higher modes should give negligible 
contributions. 
A. Time of Flight 
The theoretical prediction of Eqs. 7--that the time 
of flight of the initial portion of the transient should be 
that of the free speed of sound--has been emphasized 
previously. TM However, this prediction is in direct 
conflict with some conjectures based on data of Lastovka 
and Carome s that the propagation velocity should be 
the group velocity of the particular mode. It seemed 
worthwhile, therefore, to perform a direct test of the 
prediction. 
Measurements were taken of the time of flight of an 
acoustic signal over a pathlength of about 83 cm in a 
water-filled waveguide with pressure-release walls and 
a cross section of 9X10 cm. The acoustic signal was 
initiated by a Mylar transducer and received by a 
barium titanate probe that had a diameter and height 
of 0.06 in. The cutoff frequency of the lowest mode of 
this waveguide was calculated to be w•/2rr= 11.1 kHz. 
The experimental results are presented in Table I, 
along with the calculated values of the group velocities 
associated with each input frequency. Each velocity of 
propagation c(f) was normalized to the velocity of 
propagation at 420 kHz, c(420), which was within the 
experimental uncertainty of 4-0.2% of the free-field 
speed of sound. It is clear that the leading edge of the 
transient is propagated with the free-field speed of 
sound whether the frequency of the input is above or 
below cutoff. 
B. Step-Function Input 
Equation 18 predicts the particle displacement 
resulting from a partide-velocity input described by a 
step function. Verification of the detailed shape of this 
solution was obtained in two different waveguides. The 
transmitter was excited with a step function in voltage, 
and the received waveforms were displayed on the 
oscilloscope and photographed. The photographs were 
then analyzed for the amplitude of each half-cycle of 
the signals. These values were normalized and com- 
pared with the predictions of Eq. 18. The values of the 
delayed times at which the signal had zero amplitude 
(the axis crossings) were also measured and compared 
with theory. The values of these times were labeled 
to'. Figures 4(a) and 4(b) present the results for a 
pressure-release waveguide with 2-cm-diam and a 
distance between source and receiver of 15.3 cm. The 
acoustic medium was water. The transient theoretically 
predicted for this case is presented in Fig. 1. Three 
separate photographs were taken at different times and 
analyzed to verify the reproducibility of the results. 
The predicted and measured times of the nulls in the 
received signals are in excellent agreement. The agree- 
ment in amplitudes, although not as good, is still 
convincing. The values for the ratio of amplitudes of 
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Fro. 4. Comparison of theoretical predictions 
and experimental data resulting from the exci- 
tations of water-filled waveguides with pressure- 
release walls by step-function inputs: (a) and 
(c), ratios of experimental and theoretical values 
of delayed times corresponding to nulls in the 
received signals; (b) and (d), normalized ratios 
of experimental and theoretical amplitudes of 
successive half-cycles in the received signals. 
Graphs (a) and (b) for waveguide and trans- 
ducers radii of 1 cm; graphs (c) and (d) for 
waveguide of 1.5-cm radius, transducers of 1-cm 
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the first half-cycle at t'•0.5 usec are consistent with 
the observed experimental rise time of the transmitting 
and receiving system, since a finite rise time for the 
step function must reduce the high-frequency com- 
ponents of the observed waveform. 
The second waveguide had the same length but a 
bore diameter of 3 cm. The data of two runs are shown 
in Figs. 4(c) and 4(d): the first run used transducers 
3 cm in diameter; the second used 2-cm transducers. 
As can be seen, there is no essential difference between 
the experimental results of the two cases, although 
there were small visual differences in the shapes of the 
individual half-cycles. This supports the assumption 
that higher modes, excited to different strengths in 
these two cases, contributed little to the observed 
signal. 
The Journal of the Acoustical Society of America •c) 





. ß 60 ß 80 I0 
ß ß •t• 
FIG. 5. Ratio of the rise time of the envelope of the transient 
t«' and the time associated with the group velocity tg' as a function 
of wtg' for (a) displacement waveform and (b) velocity waveform, 
resulting from a gated sine-wave input for particle velocity. The 
curve in (a) represents 0.5/Env U2(w+,w+). 
C. Gated Sine-Wave Input 
The discussions following Expressions 35 and 42 
developed the criteria relating the values of tg' to the 
behavior of the envelopes of the applicable solutions, 
Eqs. 27 or 42, and thereby provided the relationships 
between tg' and t•' for both displacement and velocity 
waveforms. A pressure-release waveguide 3 cm in 
diameter was driven with a gated sine-wave input for 
the source velocity. This signal propagated 15.3 cm 
down the water-filled bore and was detected by the 
receiver. This transducer was terminated with the 
input impedance of the voltage amplifier (10 M•); the 
particle-displacement waveform thus detected was 
displayed on the oscilloscope, and measurements were 
made of the values of t«' for each of 16 different input 
frequencies. These delayed times were designated 
(tl')D. Exactly the same analysis was then performed 
with the voltage amplifier shunted with a 10042 
resistor. Since this approximate "short-circuit" termi- 
nation produced the time derivative of the open-circuit 
voltage, this change converted the detection system 
into one that was velocity-sensitive rather than dis- 
placement-sensitive. The values of t•' associated with 
these velocity waveforms were measured and designated 
(t«')v. The values of tg' for each of the above cases 
could be calculated from the known dimensions of the 
waveguide and the measured values of co/2•r. 
To facilitate the comparisons between experiment 
and theory, it was decided to restrict co and w+ so that 
1.7<co/co•<5 and 3.5<cot/<10. (As co increased, cot/ 
decreased.) Within these ranges, we are justified in 
discarding U• (w_,w+) in Eq. 26, since this term has an 
envelope that should behave like 
(8•rw+)-i(co,/co)=[1 -- ½,/c0)=]-•< 0.02. (55) 
With this approximation, the values of v• and • for 
tg' become 
Env v•-' Env U• (w+,w+) = 0.5 (56) 
and 
(w+/21')Jo(co,•r/c) Env •z•-' Env U•.(w+,w+), (57) 
where the notation Env designates the envelope of the 
transient. For the latter envelope, the use of standard 
approximations for the Bessel function yields 
Env U•.(w+,w+) '- «{[1-- (rw+)-«-]•'-} - (71-w+) -1}}. (58) 
For the case of the velocity waveform, and the chosen 
ranges of co/co• and w+, there should be nearly exact 
agreement between (tl')v and td according to Eq. 56. 
The quantities (tl')r• and tg' should not necessarily agree 
for the displacement waveforms, since Eq. 58 shows 
that Env U•. will be less than 0.5 when t'= (q')r•. It was 
observed that Env U•. increased with nonnegative 
second derivative from its initial small value at t'-O 
to unity for larger t'. For larger values of cofio•, the 
envelope was almost linear with respect to t' until t/ 
was exceeded, so that the percentage disparity between 
(t,•')•) and tg' was similar to that between 0.5 and the 
value of Env U•.(w+,w+). For smaller values of co/co,, 
Env U•. exhibited a larger second derivative so that a 
straight line with the slope of Env U•.(w+,w+) drawn 
through the point ['Env U•.(w+,w+),t/-] intercepted the 
t' axis at about 0.5/g'. Under this condition, the per- 
centage disparity between (t.•')•) and tg' should be 
about half that between 0.5 and Env U•.(w+,w+). Thus, 
the ratio (tl')r•/tg' should lie about half-way between 
0.5/Env U•.(w+,w+) and unity for smaller cot/, and 
should approach unity for larger cotg'. 
The data are shown in Fig. 5. The experimental 
scatter prevents any precise confirmation of the detailed 
dependence of the ratio of delayed times on cotg', but 
the observed behavior of (tl')r•/tg' in Fig. 5(a) is 
consistent with the above discussion. The data for the 
velocity wave, Fig. 5 (b), show the expected agreement 
between (q')v and tg' for this range of co/co• and w+. For 
both waveforms, the experimental uncertainties gener- 
ated an average estimated error of about 5%, which is 
consistent with the observed scatter. The values of 
cftc predicted by the measured values of (tl')v agree 
with the known values (calculated from co and co•) to 
within about 20/o at the worst, and more usually to 
within 0.5%. 
Thus, the differences between the envelopes of the 
waveforms for displacement and velocity as predicted 
by Eq. 27 and 42 can be detected experimentally, and 
the respective behaviors are consistent with the theory. 
In both cases, the relationship between tg' and the pulse 
envelope is consistent with approximation t/---'t•', but 
the data for the displacement waveform demonstrate 
that small deviations from this criterion exist and can 
be observed. 
V. CONCLUDING REMARKS 
These experimental confirmations of the detailed 
shapes of the acoustic transients and waveform enve- 
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lopes indicate that the theoretical results herein 
developed adequately describe the initial portions of 
waveforms propagated in a cavity with pressure- 
release (or perfectly rigid) walls. The simple analysis 
of pulse distortion possible for ideal boundary condi- 
tions suggests that it may be convenient to introduce 
deliberately pressure-release boundaries as a means of 
eliminating uncertainties in analyzing effects arising 
from guided-mode propagation in fluids, where the 
finite acoustic impedance of real boundaries forbids 
the assumption of perfectly rigid walls. 
The solution for a gated sine wave as represented 
by Eq. 27 has been successfully programmed on an 
electronic computer (anticipated problems in the region 
w-'y, where the series representations of the Lommel 
functions are most slowly convergent, did not material- 
ize), and provides detailed information of the acoustic 
transient that cannot be obtained so easily from 
approximation methods. 
It is hoped that these solutions can be applied to 
more-complicated boundary configurations to obtain 
additional insights into the detailed shapes of transients 
propagating in dispersive media. 
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